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STABILITY OF THIN-SHELL WORMHOLES WITH MASSLESS
EDDINGTON-BORN-INFELD INTERIOR AND SCHWARZSCHILD EXTERIOR

© G.F. Akhtaryanova, D.I. Kharipova, R.N. Izmailov, R.Kh. Karimov

Asymptotically flat, massless wormholes, like the Ellis-Bronnikov solution, are astrophysically
interesting but individually unstable. This work investigates the stabilization of such wormholes by constructing a
composite model where a massless interior is joined to a massive exterior spacetime across a spherical thin-shell.
Specifically, we study a thin-shell wormhole whose interior is a massless Eddington-inspired Born-Infeld (EiBI)
wormhole — a generalization of the Ellis-Bronnikov solution — glued to an exterior Schwarzschild vacuum. The
EiBI theory introduces an additional parameter k, whose influence on stability is a primary focus. Using the
Visser "cut-and-paste" technique and the Darmois-Israel formalism, we derive the surface stresses of the thin shell
composed of exotic matter. The stability of this Schwarzschild-EiBI wormhole under linearized radial
perturbations is then analyzed via the Garcia-Lobo-Visser method, which employs constraints on the thin-shell's
effective "mass" and external "forces." Our detailed analysis reveals that the "external force" constraint is more
restrictive than the "mass" constraint. The stability region of the glued wormhole is found to depend critically on
the EiBI parameter k: smaller values (k~0.1r¢) yield broader stability regions compared to larger values
(k~271¢), although exotic matter remains a necessity. Furthermore, increasing « reduces the stability region and
enlarges the required throat radius for gluing. The study demonstrates how the parameter k, signifying a deviation
from general relativity, can achieve the stability and geometry of obtained thin-shell wormholes.

Keywords: wormhole, thin shell, Eddington-Born-Infeld theory, stability.

Introduction. This analysis addresses a constructed and analyzed here features an interior
central theoretical challenge in wormhole physics: derived from Eddington-inspired Born—Infeld
the inherent instability @ of  traversable, (EiBI) gravity — a theoretically motivated
asymptotically flat, zero Arnowitt-Deser-Misner modification of general relativity containing a
(ADM) mass wormholes, despite their significant fundamental parameter k with dimensions inverse
potential for astrophysical applications such as to the cosmological constant. This EiBI wormhole
explaining anomalous microlensing events [1]. The [2] serves as a one-parameter generalization of the
study proposes and rigorously analyzes a massless Ellis-Bronnikov solution, with x =0
stabilization mechanism wherein such a massless recovering general relativity. The exterior is chosen
wormhole is not considered in isolation but as the as the standard Schwarzschild vacuum solution,
interior core of a composite spacetime structure. representing a static, massive object.

This is achieved by surgically grafting, or "gluing," Recent research on thin-shell wormholes has
the massless interior geometry to an significantly evolved from their foundational
observationally relevant massive exterior spacetime Morris-Thorne-inspired constructs, focusing on
across a spherically symmetric thin-shell interface, mitigating the exotic matter problem and enhancing
forming a complete traversable wormhole with a dynamical stability. A dominant trend involves
non-zero total ADM mass. The specific model sourcing the shell's matter through quantum field
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theoretical effects rather than ad-hoc exotic fluids.
For instance, in [3] was proposed interpreting the
shell as a manifestation of vacuum polarization
(Casimir energy), offering a more physically
plausible mechanism rooted in known phenomena.
Concurrently, sophisticated stability analyses under
various equations of state have become standard, as
seen in the work of [4], who provided a
comprehensive framework for linear stability of
spherically symmetric thin-shell ~wormbholes.
Furthermore, the formalism has been actively
extended beyond General Relativity. Studies in
modified gravity theories, such as Einstein-Gauss-
Bonnet, demonstrate how higher-order curvature
terms can alter stability regions and energy
conditions, as explored by [5]. This collective
theoretical progress aims to anchor such
wormholes within a more rigorous framework of
quantum gravity and extended gravitational
theories. Recent works have witnessed a pivotal
shift toward the phenomenology of thin-shell
wormholes, driven by the era of precision
astrophysics. A major research thrust is to
distinguish such objects from black holes via their
observational imprints. Detailed simulations of
gravitational lensing, including Einstein ring and
photon ring substructures, suggest potentially
discernible differences. Wang et al. [6] investigated
these subtle distinctions in lensing systems, while
Wu et al. [7] focused on the characteristics of
shadows cast by thin-shell wormholess, comparing
them with Event Horizon Telescope observations.
This direct comparison with black hole candidates
is crucial for formulating testable predictions.
Additionally, thin-shell models are increasingly
built from regular black hole metrics (e.g., [8]),
conceptually linking different classes of exotic
compact objects and exploring their stability under
perturbation. The linear stability of thin-shell
wormholes connecting a Schwarzschild black hole
with different solutions was analyzed in [9-11].
The construction of thin-shell wormholes is
formally executed using Visser's well-established
"cut-and-paste" differential geometry technique
[12]. Two distinct manifolds — the exterior
Schwarzschild and the interior EiBI spacetime —
are joined at a chosen hypersurface, the wormhole
throat. Following the Darmois-Isracl formalism
[13], this gluing inevitably generates a thin layer of
matter at the throat, quantified by surface energy
densities and tensions. This matter violates the
standard energy conditions, classifying it as
"exotic," and is responsible for sustaining the
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wormhole throat against gravitational collapse by
providing a necessary repulsive gravitational effect.
The primary focus of the paper is to determine the
conditions under which obtained thin-shell
wormhole remains stable when subjected to small,
spherically symmetric perturbations of the throat
radius.

The stability analysis is performed using the
innovative framework developed by Garcia, Lobo,
and Visser [14]. This method characterizes the
dynamics of the thin shell not just by an equation
of state, but by imposing two independent physical
constraints: one on the perturbed "mass" of the thin
shell itself, and a more restrictive one on the
allowable  "external forces" (or  pressure
anisotropies) that may act upon it. By linearizing
the equation of motion around the equilibrium
throat radius, the analysis derives the precise
condition for stability in terms of the fundamental
parameters of the system: the Schwarzschild mass,
the equilibrium throat radius, and the EiBI
parameter k.

The detailed results demonstrate that the
influence of the parameter k is critical for the
wormhole's stable configurations. An analysis
reveals that smaller values of k¥ (on the order of
k~0.17¢, where 10 is a characteristic length scale)
lead to substantially broader regions of stability in
parameter space compared to the limiting Ellis-
Bronnikov case or to models with larger x values
(e.g., k~2rf). This indicates that the FEiBI
theoretical framework, through k, offers a tunable
degree of freedom that can be optimized to enhance
the mechanical stability of the thin-shell wormhole.
Furthermore, the study finds that increasing x not
only reduces the stability region but also requires a
larger equilibrium throat radius for the gluing
process, as confirmed by analyzed embedding
diagrams of the geometry into Euclidean space.
Crucially, while the x parameter can modulate the
stability domain, the need for exotic matter at the
throat remains an inescapable requirement of the
model within this classical framework. This work
thus provides a quantified examination of how
modified gravity parameters can be leveraged to
design theoretically more robust wormhole
geometries that combine a massless, possibly
phantom-free core with an externally observable
mass, bridging a gap between theoretical constructs
and potential phenomenological signatures.

EiBI solution. The action in the EiBI theory
is given in the form [2]



PHYSICS

S = o d' <J_|guv + KR (D)| — \/_—g>+

where Kk is the parameter with the inverse

dimension of the cosmological constant A, g, is
the physical metric tensor, g is the determinant of
the metric tensor, R, is the symmetric part of the
Ricci tensor constructed exclusively from the
connection of the Christoffel symbols I', and Sy, is
the matter action, which depends only on the metric
Jguv and the matter field ¥y. To simplify the
notation, the determinant of the tensor gy, +

8Tk R,y is denoted in this article as | Juv T KRW|.
In the EiBI theory, the metric g,, and the
connection I are considered as independent fields.
By varying the action (1) with respect to the
connection I' and with respect to the real metric
Jyuv> We obtain the following field equations
Auv = Yuv + KRuw (2)
g™’ = t(g"v — 8nkTW), 3)
where the auxiliary metric qy,, is related to I' by the
relation

1
By =39 (0ydop + 0oy — Bolpy).  (4)
7 =+/1g|/1q| and the stress-energy tensor
1 &S
TW = X 5
V=lgl 8guy ( )

If the stress-energy tensor THV vanishes in
equation (3), then the real metric gy, is equal to the
auxiliary metric Quv and EiBI gravity is completely
equivalent to general relativity in a vacuum.

The exact solution for the EiBI wormbhole,
obtained by Harko et al. [2], is

2 /.4
ds? = —dt? + (—1 2 /r >dr2 +12d6?
1—1nf/r?
+72sin? 0 dp?2.

Metric (6) is a symmetric, twice
asymptotically flat regular wormhole with
asymptotic masses on both sides of the throat,
where 1y is the standard coordinate radius of the
throat 1y, = 19, 1y <7 < +oo. In the limit ¥ — 0,
solution (6) reduces to the massless Ellis-
Bronnikov wormhole of general relativity.

(6)

Embedding diagrams of the thin-shell
Schwarzschild—EiBI wormhole. In this chapter,
we will obtain and describe the geometry of a
gluing between two manifolds, given a static radius
ay of a Schwarzschild black hole on the outside
and a massless EiBI wormhole on the inside. The
static gluing radius will be chosen such that it is
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larger than the radius of the Schwarzschild black
hole horizon, i.e., r = ayg > 2M, on the one hand,
and larger than the throat of the EiBI wormhole,
ie., r=ay>by, on the other. The regions
r < 2M and b, are surgically removed from the
corresponding manifolds.

Using Garcia-Lobo-Visser (GLV) method
[14] we get redshift @, = 0 and shape b, = 2M
functions for Schwarzschild black hole and redshift

1 ré+2xré _ rrg(2x+1?)
P = Eln [rz(rz—rg) T rte2ur?
functions for EiBI wormhole.

We will use the embedding diagrams to
visualize the curvature of the thin-shell
Schwarzschild—-EiBI wormhole. The diagram will
consist of three parts: the EiBI wormbhole, the
Schwarzschild black hole, and thin shell.

Let us consider the EiBI wormhole in three-
dimensional space with the time coordinate t fixed
in the equatorial plane, i.e. 8 = /2. Then the line
element (6) can be rewritten as

2 _ 1+2KT02/T4 2 2 2
ds? = (—Hg .z )dr? +r2dg?. (7)

Next, we construct the resulting slice in three-
dimensional Euclidean space, defined by the
cylindrical coordinates z, r and ¢ and has the form

ds? = dz? +dr? + r?2d¢2. 8)

Let us rewrite equation (8) so that the
embedded surface is described by the function
z = z(r)

2

2 _ az 2 2942

ds —[1+(dr) ]dr +redd“.
Comparing equations (7) and (9), we obtain

dz— _ 1no ,r2+21c

ar  r r2—r2’ (10)
Since the EiBI wormhole is considered an
internal region of spacetime, a negative root was

chosen. After integration, we obtain the embedded
surface function in the form

and shape b_

€)

3
_ iro(r?+2k)2 3.1 . 5 r2+2k r2
Z =_—1F1 5;5,1;5; > ,1+—,(11)
2 > o +2K 2K
6rc(ré+2K)2

where  F;(a; by,by;c;x,y) is  the
hypergeometric function of two variables.

For the case of a Schwarzschild black hole,
the embedded surface function is given by the

formula [15]

zt =22M(r — 2M). (12)
To obtain the embedding diagrams, it is necessary
to rotate the functions of the embedded surfaces z+
along the vertical z-axis. Figure 1 shows the
embedding diagrams of a thin-shell wormhole
obtained by gluing the outer Schwarzschild surface

Appell
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and the EiBI wormhole with the inner one
for a static radius a, = 1.5r, for k= 0.17¢,
for a, =21, for k=0.51%, for a, = 2.57,
for k =1¢, for a, = 3.5y for k = 2r¢. When
constructing the diagram, the relation by = 2M was
used. It is evident from the figure that an increase
in k leads to a stronger curvature when passing
from one space to another.

Analysis of the stability of the thin shell of
the Schwarzschild-EiBI wormbhole. To analyze
the stability of a thin-shell Schwarzschild-EiBI
wormhole, the GLV method [14] will be used. This
method is based on estimating the mass of the thin
shell and the effect of external forces on it under
scalar perturbations.

Using the GLV method, we obtain constraints
on the “mass” and “external force” for the thin-
shell of the Schwarzschild—-EiBI wormhole in the
form

d)
Fig. 1. Embedding diagrams of the thin-shell Schwarzschild—EiBI wormhole for different values of k
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Fig. 2. Two-dimensional contour graphs of the constraint functions for "mass" and "external forces" for different
values of the EiBI parameter x
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In Fig. 2, the stability region of the glued
Schwarzschild—EiBI wormhole, obtained using the
"mass" constraint, is located above the surface (13),
and the stability region obtained using the "external
forces" constraint is located above the surface (14).
To construct the contour plots, the dimensionless
quantities x = M /ay and y = ry/M were used. The
thin-shell will be stable if both conditions are met.
Fig. 2 a, b shows the case when the parameter
k = 0.1r¢. From Fig. 2 a, b it is evident that the
thin shell is stable for x > 0.181 and y > 1.62, i.e.
the gluing radius of the stable wormhole is
determined in the range from 2M to 5.52M, and
the radius r varies in the range from 1.62M to 5M.
An increase in the parameter k leads to a decrease
in the stability region of the Schwarzschild—EiBI
wormbhole, and for the case k = 21"02 the thin shell
is stable at x > 0.19 and y = 1.69, i.e. the cross-
linking radius of a stable wormhole is determined
in the range from 2M to 5.26M, and the radius ry
varies in the range from 1.69M to 5M.

Conclusions. The massless, traversable Ellis—
Bronnikov  wormhole, while of significant
astrophysical interest for applications such as
galactic microlensing, is known to be unstable in its
isolated form. The central element of our
investigation was the influence of the EiBI theory
parameter, k, which generalizes the Ellis—Bronnikov
solution and serves as a crucial degree of freedom
controlling the geometry of the interior. In this
paper, we have demonstrated a viable stabilization
mechanism by considering it not as an isolated
object, but as the interior component of a composite
spacetime structure. The key idea is that the stability
of a zero-ADM-mass wormhole can be achieved by
surgically grafting it, via the thin-shell formalism,
onto a massive exterior spacetime in our case, the
Schwarzschild black hole. The massless interior
partner then inherits its stability from the dynamics
of the entire glued construction, while preserving its
asymptotic masslessness. This constitutes the core
conceptual contribution of our work.

In this paper, we obtained a thin-shell
wormhole model by gluing together an EiBI
wormbhole as interior and a Schwarzschild black hole
as exterior at a given static radius a, using a "cut-
and-paste” procedure. Gluing the two manifolds
together results in a thin shell. Using the Garcia-
Lobo-Visser formalism, we obtained a "mass"
constraint on the thin shell and an "external force"
constraint on the stability of the Schwarzschild-EiBI
wormhole under linearized spherically symmetric
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perturbations. It is shown that the "external force"
constraint is stronger than the "mass" constraint. The
wormhole's  stability region decreases with
increasing EiBI parameter k. We also constructed
diagrams of the Schwarzschild-EiBI wormhole
embedding in three-dimensional Euclidean space.
Analysis of the diagrams showed that increasing the
parameter k leads to an increase in the wormhole
stitching radius.

In summary, the Schwarzschild—EiBI thin-
shell wormhole serves as a compelling example of
how a classically unstable, massless wormhole
solution can be stabilized as an interior partner in a
composite  structure. = The  present  work
systematically elucidates the stability criteria for
such an object, demonstrating that stability is
achievable within specific regions of the parameter
space, crucially controlled by the EiBI parameter k.
While the requirement for exotic matter at the thin
shell persists, our analysis quantifies how modified
gravity parameters can be leveraged to design
theoretically viable and stable wormhole
geometries that bridge the gap between massless
interiors and observationally relevant massive
exteriors. The primary goal of this paper was to
shed light on these stability aspects, and we
conclude that the EiBI generalization offers a
valuable pathway towards securing the stability of
glued wormholes with massless cores.
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CTABMWJIBHOCTDb KPOTOBBIX HOP C TOHKOM OBOJIOYKOMN
SJJIUHI TOHA-BOPHA-UH®EJIbJIA-IIBAPIIIIIWJIBIA

© I'.®. AxTtapbsiHoBa, /I.U. Xapunosa, P.H. U3maunos, P.X. Kapumos

Bamkupcknii rocy1apcTBEHHBIN MTearornIeCKiii YHUBEPCUTET UM. M. AKMYJLTHI,
3a, ymurna OkTtsOpbekoii peposroryn, 450008, Y da, Poccus

ACHUMIITOTUYECKH TUIOCKHE KPOTOBBEIE HOPBI C HyleBOM Maccoit ApnoButra—/lezepa—Mucuepa (AIM),
MOJOOHbBIE pEHICHUI0 JJuTuca-bpOHHMKOBA, MPEACTABIAIOT acTPOPU3MUECKUH HHTEpPEC, HO MO OTAENbHOCTH
HecTaOmIbHEL B maHHON padoTe mccnemyercst cTabmmm3anys TaKUX KPOTOBBIX HOP IYTEM ITOCTPOSHHST COCTABHON
MOJIeTIH, B KOTOpO# Oe3maccoBass BHYTPCHHSS OONacTh COSIMHEHa C MACCHBHBIM BHEUIHUM IIPOCTPAaHCTBOM-
BpPEMEHEM 4epe3 ChepuuecKyro TOHKYI0 000I0uUKy. B 4acTHOCTH, MBI U3y4aeM KPOTOBYIO HOPY C TOHKO 00010uKy,
BHYTPEHHSIA 00J1acTh KOTOPOU MPENCTaBIsieT co00l 6e3MaccoBYI0 KPOTOBYIO HOpY DmmuHrroHa—bopaa—Hpensaa
(OBU), — ob6obmieHne pemeHus Dmmca-bpoHHUKOBAa — COCJAMHEHHYIO ¢ BHEITHMM Bakyymowm llIBapiimmbia.
Teopuss DB BBOAMUT AOMONHUTENBHBIA MapaMeTp K, BIUSHHUE KOTOPOrO Ha CTaOMJIBHOCTH SIBIISIETCSA OCHOBHBIM
npeaMeToM ucclenoBanus. Mcmons3ys MeTos «paspe3anust ¥ ckieiikny Buccepa u ¢popmanmsm Japmya—I3padis,
MbI BBIBOJIMM IIOBEPXHOCTHBIC HAMPSHKCHHUSI TOHKOW OOOJIOYKH, COCTOSIIEH W3 3K30THUSCKOHW MaTepuu. 3aTeM
YCTOHYMBOCTh 3TOW KpoToBoi HOpbl [lIBapummneaa-ObM mox nmelictBueM IMHEAPU30BAHHBIX PaTUAIBHBIX
BO3MYIICHHUN aHATM3HUPYETCs ¢ moMolibio Meroaa ['apcna—Jlo6o-Buccepa, KOTOPBIN HCHONB3YeT OTPaHUYCHUS Ha
3G PEKTHBHYIO «Maccy» TOHKOH OOOJIOYKM W «BHEIIHWE CHIIbD». Hamn moapoOHBI aHamW3 MOKa3bIBAeT, 4TO
OTPaHUYCHUE Ha «BHEUIHIOIO CHIIY» SIBIIICTCS OOJiee CTPOTHMM, YeM OrpaHHYeHHe Ha «Maccy». OOHapy»KeHO, 4To
00JIaCTh YyCTOWYMBOCTH CKJIEEHHOW KPOTOBOW HOPBI KpUTHYECKHU 3aBUCUT OT napamerpa OBU k: MeHblIMe 3HaueHUs
(k~0.110%) maroT OoJiee MIMPOKHUE OOJIACTH YCTOWYMBOCTH TIO CPABHEHHUIO C OONBIIMMH 3HAYCHUSAMH (K~2T0?), XOTS
9K30THYECKasT MaTepusi ocTaeTcsi Heodxomumon. Kpome Toro, yBemmueHNne K yMEHBIIAeT 00JacTh YCTOWYUBOCTH U
yBeIMUMBaeT TpeOyeMblid pajuyc TOpJIOBHUHBI A cliMBKH. MccienoBaHue AEMOHCTPUpYET, KakK Mapamerp kK,
0003HAYAIOMNII OTKIOHEHHE OT OOIIEH TEOpPUH OTHOCHUTECIBHOCTH, MOXKET MOAYJIHPOBATh YCTOHYMBOCTH U
TEOMETPHUIO COCTABHBIX KPOTOBBIX HOP C TOHKOW 000JIOUKO.

KirroueBbie ciioBa: KpoToBas HOpa, TOHKas 000JI09Ka, Teopust DaauHrrona—bopaa—Hpensaa, cTabUIBHOCTb.
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